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Abstract. The Donagi-Markman cubic is the differential of the period map for algebraic 
completely integrable systems. Here we prove a formula for the cubic in the case of Hitchin's 
system for arbitrary semisimple g. This was originally stated (without proof) by Pantev for 
s[„. 



1. Introduction 

Hitchin's system is an integrable system constructed out of the moduh space of principal 
bundles on a Riemann surface. The cotangent bundle to the moduli space is canonically a 
symplectic manifold, points of which are principal bundles together with a twisted section 
known as the Higgs field. A Lagrangian fibration is found by mapping such a pair to the 
"characteristic polynomial" of the Higgs field. Fibers of this map are open subsets of Prym 
varieties of a cover of the Riemann surface. This is described in more detail in P 

Given a family of Abelian varieties, one can try calculate their periods. For the Hitchin 
system this seems too hard. However the differential of the period map is considerably easier 
to find. For any lagrangian fibration by abelian varieties it turns out that this differential 
forms a cubic tensor on the base, the Donagi-Markman cubic ^ 

In unpublished notes T. Pantev gave (without proof) a formula for the cubic for sZ„. Our 
goal in this note is to prove the formula in the general case. The proof is essentially a 
Kodaira- Spencer map computation. To handle arbitrary semisimple groups we work with 
cameral covers rather than the more familiar spectral covers. 

Thus our goal is to prove the following 



Theorem 1. The cubic map ill]) for the Hitchin syst 



em 



: H^{M^, [) ® ir)^ ^ Sym^ H^{M^, i) ® K) 



given by Pantev's formula (|iy| ) 

(3 I 7 ■ 5 h-i> Res 
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explains the formula. The proof is contained in §21 and ^ Finally in Theorem [3 we 
produce a more symmetric formula for the cubic: 

'< (3, V >< 7, u >< 5, V >' 



C4, 



< 0,1/ > 
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2. Hitchin's system 

Given an arbitrary complex connected semisimple Lie group G with Lie algebra q, let 
C[g] be the algebra of polynomials on g. Choosing a Cartan subalgebra f) C g we can form 
the restriction map C[g] — ^ There is a natural G-action on g given by the adjoint 

representation. The Cartan i) comes with a natural action of the Weyl group W of G. We 
can then consider G and VT-invariant polynomials on the respective spaces. Chevalley's 
theorem states that restriction induces an isomorphism i : C[g]'^ ^ C[l)]^. In addition it is 
known that C[g]'^ is a free polynomial algebra, generated by homogeneous polynomials pi of 
degree di > 2 for i = 1, . . . , r = rankg. 

Suppose M is a compact Riemann surface of genus > 1 and G a semisimple Lie group. 
Consider the moduli space of stable principal G-bundles of degree d on M. This is generically 
a smooth manifold with finite quotient singularities at principal bundles where the center 
Z{G) does not contain all automorphisms of the bundle, see [10] and jTTj. We denote the 
smooth locus by Mg, with tangent space at a principal bundle P given by H^[M, gp), where 
gp is the vector bundle associated to P via the adjoint representation. By Serre duahty, the 
cotangent space is H^{M, gp C?> Km) where Km is the canonical line bundle on M. 

Picking (non-canonically) generators pi for C[g]'^, define a twisted version of the Chevalley 
map 

r 

hp : H°{M, gp ® Km) ^ i/°(M, iT^) =: B (!) 

1=1 

$ ^ ^ J9,($) =: J2 ^here 0, G H\M, K%) (2) 

i i 

and so obtain the Hitchin map h : T*Mg B. A Higgs bundle is defined to be a pair 
(P, $) G T*Mg =: X. Both $ and are referred to as the Higgs field. Since X is a cotangent 
space to a manifold it is has a natural symplectic structure and Hitchin shows [H] that h 
is a Lagrangian fibration. The tangent space to X at a point (P, $) is described by exact 
sequence 

i/°(M, gp ® Km) ^ T(p,$)X ^ H\M, gp) ^ 0. 

Next we describe the fibers of h. In the case of the classical groups, for each element of the 
base b & B Hitchin constructs a cover of M. Line bundles on this cover correspond (roughly) 
to G-bundles on M, and some subset of the Picard group of this cover gives the fiber of h 
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over b. For arbitrary semisimple G, it is useful to follow Donagi and Scognamillo (see P, [2j 
and |12j) and use earner al covers. 

Fix Cartan H and Borel B in G. Consider again Chevalley's restriction map, this time from 
a scheme-theoretic perspective where it is known as the adjoint quotient map. It provides a 
morphism of affine varieties 

and from this we can form the fiber product 

i)/W. 

We wish to globalize this construction to vector bundles on M. Let | ■ | denote the total 
space of a vector bundle on M. Twisting by the canonical bundle of M gives a relative 
version of the diagram 

\gp(g)K\ Xit^^Ki/w |f) ® K\ ^ ||) O Km\ 

\gp ® Km\ ^ \i) ® Km\ /W 

and the cameral cover of M is defined as the pullback 

M := $* (|gp ® K\ x\i,^K\/w |f) ® K\) . 

Alternatively by Chevalley's theorem M = 0* (|f) ® Km\)- From this it follows that M 
comes with a natural IV-action and a IV-equivariant M-morphism M ^ \i) ^ K\. Projecting 
on either side of the commutative diagram gives a map M ^ M, since $ or are sections 
of 0p ® -ft' or |f) ® -ft'l /W respectively. Over the points m where $ is regular semisimple the 
fiber 7r~^(m) is the set of chambers in f)j!j^, hence the name cameral cover. In particular for 
sin, the fiber is given by the set of orderings of the eigenvalues of $(m). By abuse of notation 
we use Km to denote the line-bundle 'k*Km on M. 

The key fact about the cameral curve is that it abelianizes the Higgs bundle (P, $). The 
abelianization procedure can be cast in the abstract setting of principal Higgs bundles, see 
However since we are considering concrete i^- valued Higgs bundles it suffices to define 
cameral covers as a globalized form of the W-covei f) — > i)/W. 

The pullback 7r*P has natural reduction to principal bundle Pb with structure group B so 
that 7r*$ G H^{M, bp^ ® Km), see §3 in (12j. The projection map B ^ H associates to Pb 
principal if-bundle Ph, and this can be twisted (see [12]) to H^-equivariant if-bundle Ph- 
So we have a map 

(P,$)^(M,P^,). (3) 



Theorem 2. 
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a) Let Mo be cameral cover. Let !N he the variety of pairs {M,Ph) where M is a W- 
invariant deformation of Mq in K\, and Ph is a W -invariant H -bundle on M. 
Then under the map (0j !N is locally isomorphic to X. 

b) The projection (M, Ph) i— > M defines a Lagrangian fibration of open subset ofX. 

Let Prym(M) be the variety of W^- invariant iJ-bundles on M. The fiber h^^(h) of the 
Hitchin map is an open subset of Prym(M;,), but note this subset does not he in the connected 
component containing the identity. The Lagrangian fohation gives rise to exact sequence 

{)^H\M,0® 1))^ ^ TX ^ H^{M, [) ® Km)^ -> 0, 

where H^(M, f) 0)^ is the tangent space to Prym and H^{M, [) (g) Km)^ is the tangent 
space to B. The embedding of M in |[) ® Km\ produces exact sequence 

O^TM ^T\i)^KM\^ Nj^.^O (4) 

Infinitesimal VT-deformations of a cameral curve M embedded in correspond to 

sections of H^{M,Nj^)^ . Thus if we consider B to be the moduli space of cameral curves, 
it follows that %B = H^{Mb, N)^ . 

There is a natural f)-valued two- form on |[) (g) Km\ induced by the symplectic structure on 
the total space \Km\- This gives rise to map — >■ f) ® Km which induces isomorphism 
H^{M,Nj^)^ H^{M, [) (g) Km)^, see . In the sequel we will use this identification 
ThB = H''{m,i)^KMr. 

3. The cubic 

Now we take a look at Hitchin's system from a more general point of view. Let B'^"^ C B 
be the open subset of B corresponding to smooth cameral curves where the Higgs field has 
at most simple zeroes. For the rest of this section work locally on i? in a neighborhood of 
a base point G B^"^. Abusing notation we tend to write B for this neighborhood. Denote 
the fiber vr~^(6) by Xfy. Since we are restricting to the smooth locus, and the Hitchin map h 
is a proper submersion there is a diffeomorphism 

T: X^X X B 

where X := Xq. In particular, all the fibers are diffeomorphic. Thus we can speak about 
varying the holomorphic structure on the base fiber X instead of varying the fiber itself. 
There is an exact sequence on X relating the base and relative tangent bundles 

Tx/B ^ Tx ^ 7r*TB 0. (5) 

Definition 3. Restricting the resulting sheaf cohomology long exact sequence to the fiber X , 
there is coboundary map 

X : Tb,o = H\X,ti*Tb\x) ^ H\X,Tx). 

X is the Kodaira- Spencer map, measuring the infinitesimal variation of the holomorphic struc- 
ture on X . 
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Another way to study the variation of the holomorphic structure is to use the Hodge 
filtration. Consider the inclusion C H^{Xb,C). Here H^{Xh,C) depends only on 

the topology of X^, and since Xi, is diffeomorphic to X, we can identify it with H^{X, C) via 
the Gauss-Manin connection. 

Definition 4. (Griffiths) The period map 

T: B ^ Grass(ci,if*^(X,C)), 

where d = dimH^{Xh,Q^), is the map which to b E B associates the subspace 

H\Xb,n^) C H\Xb,C) ~ H\X,C)- 

Choosing bases of holomorphic differentials and 1-cycles, this can be shown to reduce to 
the usual period map on, for example, curves or abelian varieties. The period map and the 
Kodair a- Spencer map are related by the following 

Theorem 5. (Griffiths, [Sj Theorem 1.27) Given u G Tb,o the map 

: H\X, Ox) 

is equal to the cup-product with the class x{u) G H^{X,Tx) , composed with the map induced 
on cohomology by the interior product Tx ® ^x ~^ ■ 

This map measures the variation in complex structure of the abelian variety 
A = H^{X,0)/H^{X,Z) associated to X - the variation in the periods. Finally Griffiths 

shows that if there is a family of polarizations ^71"*^x/b) ~^ R^'^*Gx then Riemann's sym- 
metric bilinear relation holds 

d9 : Tb,o Sym^ H\X, Ox) C ®^H\X, Ox) (6) 

after using the identification given by the polarization. 

In 13] Donagi and Markman investigate conditions on a family of abelian varieties tt : X ^ 
B so that locally on B there is a symplectic structure on X such that vr is a Lagrangian 
fibration. Let V be the bundle tt^Tx/b on B with fibers the tangent space to the fibers 
of TT. Since the fibers are Lagrangian subvarieties, the symplectic form u on X induces an 
isomorphism 

l:V* ^TB 

The cubic is the composition c := c/CP o l. : V* ^ Sym^ V, and in the case of a Lagrangian 
fibration, it turns out by a Koszul-complex computation that 

c G H\B, Sjm^ V) C {B, V ® Sym^ V) . 

Our aim is to calculate the cubic in the case of Hitchin's system. Let Pf, be the Prym 
variety corresponding to a point b E B. This inherits polarization (not in general principal) 



by Serre duality on M since 



"1 * 



TPfc. The cubic goes 



Ch:nB-^H\P,Sjm^TP), (7) 
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SO identifying TbB ^ H^Mb, () ® K)^ as in the previous section the cubic is a map 

Cb : H\Mb, i) ® K)^ Sym' H\Mb, f) ® O)'^. 

It is constructed as follows. The Kodaira-Spencer map 

X:TbB = H\Mb, Nf" = H%Mb, f) ® iT)^ H\Mb, T) (8) 

measures deformations of the cameral cover. We are interested in deformations of the asso- 
ciated Prym. To this end consider the following map constructed out of the Killing form on 
0, which we denote by Tr, and the cup product: 

Sym^ ifO(M, f) ® K)^ ^^H%M, [) ® K)^ ^ H%M, f) ® f) ® KIj) ^ H%M, Kl^). (9) 

Denote the (Serre) dual map by G: 

G : H\M,T) ®^H\M,^® 0)^ ^ym^ H\M ,\) ® 0)^ . (10) 

Theorem |31 can be rewritten in this situation as 

Proposition 6. Given (3 G Tb,o; ^he differential of the period map 

measuring variation of holomorphic structure on the Prym is given by cup-product with the 
class xiP) ^ H^{M,T), composed with G: 

d? : Tb,o Sym^ H\M,1) ® 0)^ : (3 ^ G o x{f3). 

Recalling the identification of TbB with H^{Mb, f) ®K)^ we obtain the cubic. This can be 
rewritten in a form more similar to (jl7p using © 

Cb : H%Mb, f) ® K)^ ^ Sym^ \H%Mb, f) ® K)^] * (11) 
P^f^.S^ j [^^(3) u Tr(7 U 5)]] , (12) 



M, 



b 



where here / : H\Mb,Kj^j) C. 

4. Branch points and the discriminant 

Given a semi-simple Lie algebra g and Cartan subalgebra f) let A be the set of roots of q. 
Define the discriminant as 

D:[)^C:h^Ylj{h). (13) 

7eA 

Since we multiply over all roots in f) the discriminant is independent of any choices. It cuts 
out a divisor in f), also denoted by D. For sin if we think of i) as the collection of ordered 
n-tuples of eigenvalues, then D is the divisor where two or more of the eigenvalues in a tuple 
coincide. Given a Higgs bundle (P, $), globalize to 

M ^ \i) ® K\ /W ^ \K\^^\, 
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where |A| is the number of roots. Pulhng back the zero-section of i^'^l cuts out a divisor on 
M. This divisor marks where two or more eigenvalues of the Higgs field coincide: branch- 
points of the cameral cover M. Varying the Higgs field causes corresponding variation in the 
cameral cover and this variation is encoded in the motion of the branch points. Extending 
the base field by a nilpotent e satisfying = and picking (3 in T^B ^ B we can deform the 
Higgs field: 



€■ (3 : M ^i)/W 



This deformation gives a 1-parameter family of divisors on M, the family of branch-points 
coming from the family of cameral covers. For s/„ the divisor looks like 



n 



— + e{(3i — Pj)) = D{(f)) + e ■ d^D{(3) + higher order terms 



(14) 



where the higher order terms vanish since = 0. 

Note the terms on the left-hand side of this equation are only well-defined locally on the 
Hitchin base since there is a non-trivial monodromy group acting on the branch points. The 
product is well-defined globally since the divisor cut out by the discriminant in independent 
of the choice of labeling of the roots. 

Thus we obtain a linear system of sections of H^{M, K^^^) generated by D{(f)) and d^D{[3). 
This 1-dimensional linear system gives rise to a meromorphic function 



D{<P) 



the discriminant ratio. Using this construct map 



M 



Sym^ H\M^,^®Km) 



P j 7 ■ 5 t— Res 



TT 



D{<p) 



Tr (7 U 6) 



(15) 

(16) 
(17) 



where (5,^ and 6 G H°{M^,i) 
surface, locally described as 



K) . Here Res is the quadratic residue on a Riemann 



Res 



{0} 



a, for oj 



idzY (dz) 
a — 5 h p 



+ . . . 



The discriminant ratio is pulled back from M to M^. It has simple poles on the branch 
points of M, and when pulled-back by vr these poles become quadratic since near branch 



points TT looks hke z 



This follows from the assumption that the Higgs field only hits 



the smooth points of the discriminant divisor. 

In the next two sections we look at deformations of a branched double cover and then 
prove Theorem ^ 
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5. A Kodaira-Spencer computation 

The Kodaira-Spencer map measures the infinitesimal variation in holomorphic structure 
in a family of complex curves. We are studying a family of cameral curves over the base 
curve M, and the holomorphic structure on the cameral curve is determined by the pattern 
of branch points. So we begin by looking at the local picture determined by nudging a branch 
point. 

The equation 

= q(z), where g(0) = 0, (18) 

determines a two sheeted covering of the ^-plane corresponding to the solutions ±^yq{z). In 
addition assume g(0) 7^ so that the cover is smooth. Suppose we deform this equation as 
follows 

X' = q{z)+eP{z), (19) 

giving solutions 

A = ±y/q{z) + eP{z) = ± l^v^ + ^^J^^ ■ (20) 

How does the cover vary as a complex manifold? Here we introduce the Kodaira-Spencer 
map. In general suppose Zj's are a collection of local coordinates on a Riemann surface with 
transition functions fij depending on a parameter e. 

Zi = fij{zj,e) and zj = fjk{zk,e), 
so that fik{zk, e) = fij{fjk{zk, e), e). 



Then 



dfik I N dfij dfij dfjk , s 



de dzj de 



Since tt- = I^tt- this is equivalent to 

azj azj azi ^ 



^k,e)— = ^^{zj,e)— + ^f-{zk,e) — . (21) 



de dzi de dzi de dzj 

Introduce 1-cycles 



9,k:=^{z„e)^. (22) 



de dzj 



Now notice that ()2H) is equivalent to the cocycle condition 

Oik = dij + 9jk- (23) 
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This give the Kodaira-Spencer map from the moduh space of deformations of a complex 
variety 5*, to H^{S,Ts). In the case (fT^ above, we have 

A = ± ( ^/q + ) on the two branches. 



so - -M^l- - A A and similarlv 9' - 
Thus it follows that the Kodaira-Spencer cocycle is 

We want to link this 1-cocycle with the discriminant: D{\^ — q{z) — ef3{z)) = 4:q{z) + 4ej3{z), 
so 

Dig) q{z) ±v/g ^ ^ 

Given a holomorphic quadratic differential f{X){dX)'^ defined on the cover in a neighbour- 
hood of the branch point, we can multiply it by the discriminant ratio and take the 
quadratic residue. Alternatively we can evaluate it against the Kodaira-Spencer cocycle 
(PH). This gives a meromorphic differential with a l^*-order pole at the branch point. Taking 
its residue gives the same answer: 



Resl^o [f(^)^) W = I^esA=o [fW j) dX. (26) 

6. Proof of the formula 

Proof. Given root G A C [)* and a G f), write < a, z/ > for the evaluation pairing. In terms 
of roots the meromorphic discriminant ratio M ^ is then 

which for sin is = y" ~ . (28) 

0i - 0i 

The individual terms on the right-hand side only make sense after pulling back to the cameral 
cover, however the expression as a whole is well-defined on M. Working in a neighbourhood 
of a branch point where < a, i^i >= - equivalently near a pole where 0i and 02 collide - 
write this as 

— — — + regular terms . . . (29) 

01 - 02 

where "regular terms" are holomorphic near the branch point and so will not contribute. All 
branch points are quadratic since we are assuming our Higgs fields to have at most simple 
zeroes. So we reduce the situation near a branch point to that of the calculation in ^ Near 
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the branch point, choose a local z coordinate so that z = is the branch point, and the 
equation defining the cameral cover looks like 

(A^ — regular terms ) 

as in ^ Then becomes 

— + regular terms . . . (30) 
Equation calculates the Kodaira-Spencer map giving 

0\z = — F==^, and so 



Using (j26|) we see that the quadratic residue of a quadratic differential times the discrimi- 
nant ratio coincides with the normal residue of the quadratic residue cupped with the image 
of the Kodaira-Spencer. Standard argments show that this in turn coincides with the map 
Res : H^{M, K^j) —>■ C given by integration. □ 

In the special case of = sl2 Pantev derives a simpler version of the formula which depends 
only on the base curve M: 



H'{M,Kl,)^Sym'H^{M,Kl,) 



/3 I— > I 7 t— Res' 



/3-7 

A.2 



To recover this formula, we return to the calculations in §3 We had deformation 
(f){z) + e[3{z) giving rise to solutions 



A = ± 



For 5/2 the spectral and cameral covers coincide and the cameral cover embeds in |() ®Km\ 
\Km\- Performing Lagrange interpolation, see 0, gives map 

So when we calculate Res^^ (~l^f^7^) terms of the base we are calculating 



ReSjy^ 



At first glance the cubic is not symmetric in /3, 7 and 5 - it is not obviously a cubic. 
However we have the following reformulation of the formula 
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c<t> ■■ iP, j,S)^Y^ Res 



i/eA 



Theorem 7. The cubic for the Hitchin system is given by formula 

< (3,u >< 7, i/ >< 5,u > 
< 0, 1/ > 

Proof. Notice that changing coordinate as above locaUy near each branch point gives 
c^:(/?,7,5)^Res[x(/9)UTr(7U5)] 



— Res 



"[(71 - 72) ((^1 - S2) + regular terms 



>i — V2 

where the other terms involve 7i's and 5iS for i > 3. The key fact is VT-equivariance. 
Choose local coordinate z such that the branch-point is at z = 0. The reflection in W 
corresponding to the root producing the branch point acts as multiplication by —1 on M 

near the branch point, so VT-cquivariance implies ^ii{z) = 7j(— 2;) for i > 3 and similarly 
for 6. Integrating around the branch-point these terms all cancel themselves out, and what 
remains is a symmetric formula for the cubic. □ 
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